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Abstract
Pi-balanced images of a finite direct sum L = J1 ⊕ · · · ⊕ Jn of purely indecomposable modules
over a discrete valuation domain are investigated. Under a rigidity condition, these images can be
classified by a complete set of isomorphism invariants. When the Ji have finite rank, the torsion-free
images of L admit an internal characterization. If, in addition, the Ji are all isomorphic, then any
pi-balanced image of L is a direct summand. Several examples illustrate the concepts and the results.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
Let R be a discrete valuation domain with prime p and quotient field Q = R. When we
speak of modules and submodules, they will always be over R. A nonzero pure submod-
ule of the p-adic completion Rˆ of R is called a purely indecomposable module [1,7] and
a pi-decomposable module is a finite direct sum of purely indecomposable modules [4].
A pure exact sequence 0 → A → B → C → 0 of modules is pi-balanced [5] if the
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able module J . A pi-balanced homomorphic image of a pi-decomposable module is called
a pi-balanced module. A pi-type is the isomorphism class τ = [J ] of a purely indecompos-
able module J , see [4]. The pi-types are partially ordered by setting σ  τ if σ = [I ] and
τ = [J ] and Hom(I, J ) = 0. The pi-type [R] is the smallest pi-type and is denoted by 0. If
τ = [J ], then the τ -socle of a torsion-free module M is M(τ) = Hom(J,M)J , the image
of the evaluation homomorphism Hom(J,M)⊗R J → M .
General properties of pi-balanced sequences are given in Section 2 and are used to
investigate pi-balanced images of pi-decomposable modules. A “no common socle” con-
dition is used to construct indecomposable images of arbitrary finite p-rank. Theorem 10
shows that images of a pi-decomposable module with a certain rigidity condition on its
summands are classified by a complete set of isomorphism invariants. These images have
finite p-rank, but need not have finite rank.
In analogy with the well-known theorem of Baer [6], Theorem 12 of Section 3 states
that if J is purely indecomposable of finite rank, then any pi-balanced submodule of a finite
direct sum of copies of J is a direct summand which is also a direct sum of copies of J .
Section 4 is devoted to the class of torsion-free reduced images of finite-rank pi-
decomposable modules [4]. Theorem 23 gives an internal characterization of these mod-
ules. Numerous examples illustrate the extent and the limits of our results.
For basic properties of purely indecomposable modules and pi-Butler modules, see
[4,5]. In particular, a nonzero reduced torsion-free module M is purely indecomposable
if and only if it has p-rank one, that is, dim(M/pM) = 1 as a vector space over R/pR.
Also, any proper torsion-free image of such a module is divisible—indeed this property
characterizes purely indecomposable modules among reduced torsion-free modules.
2. Pi-balanced sequences and the class C
In this section, we give a method for constructing pi-balanced exact sequences and in-
vestigate a class C of pi-balanced images of pi-decomposable modules. We give a complete
set of isomorphism invariants for the modules in C.
If B is a module, then a pure exact sequence of modules
0 → A → N → M → 0
is said to be B-balanced if the induced sequence HomR(B,N) → HomR(B,M) → 0 is
exact. In this case, we say that A is a B-balanced submodule of N . It is easy to verify that
if A is B-balanced in N and if A = C ⊕D, then C is also B-balanced in N .
Lemma 1. Let K be a B-balanced submodule of L. If S is any module, and K ′ is a
submodule of L ⊕ S such that K ′ ∩ S = 0 and the projection of K ′ into L is equal to K ,
then K ′ is B-balanced in L⊕ S.
Proof. The condition on K ′ is equivalent to saying that K ′ ⊕ S = K ⊕ S. Since K ⊕ S is
B-balanced in L⊕ S, so is its direct summand K ′. 
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L ⊕ S satisfies the condition on K ′ stated in Lemma 1. Conversely, it is well known (see
[8]) that every such submodule K ′ is equal to some Kα .
A pure exact sequence is pi-balanced [5] if it is J -balanced for each purely indecompos-
able module J . If the pure exact sequence 0 → A → N η→ M → 0 is pi-balanced, we say
that A is a pi-balanced submodule of N , that η :N → M is a pi-balanced homomorphism,
and that M is a pi-balanced image of N .
Corollary 2. Let K be a pi-balanced submodule of L. If S is any module, and K ′ is a
submodule of L ⊕ S such that K ′ ∩ S = 0 and the projection of K ′ into L is equal to K ,
then K ′ is pi-balanced in L⊕ S.
We are interested in pi-balanced images M of finite direct sums C of purely indecom-
posable modules. Except for trivial cases, C must be a direct sum of at least three modules
because if C has p-rank 2 and M = C/K , then by considering the p-ranks of M and K ,
we get M = 0 or M = C or M is a p-rank one summand of C according as M has p-rank
0, 2, or 1.
Definition. The torsion-free modules Mi , indexed by i ∈ I , are said to have no common
socle if Mi(τ) = 0 for all i ∈ I implies τ = 0.
Recall that a submodule M of a reduced torsion-free module is N closed (in the p-adic
topology) if N/M is reduced, and that the closure of M is the preimage of the divisible
part of N/M .
Lemma 3. Let L1, . . . ,Ln be torsion-free reduced modules. Then the following are equiv-
alent:
(a) L1, . . . ,Ln have no common socle.
(b) For any nonzero hi ∈ Li the cyclic submodule R(h1, . . . , hn) of L1⊕· · ·⊕Ln is closed.
Proof. Suppose (a) holds and the hi are as in (b). The closure A of R(h1, . . . , hn) has
p-rank one and its projection into each Li is nonzero, so A must be cyclic, hence equal to
R(h1, . . . , hn).
Conversely, suppose (b) holds and that fi :J → Li are nonzero maps from a purely
indecomposable module J . Choose x ∈ J with Rx dense in J and let hi = fi(x). Then
the closed submodule R(h1, . . . , hn) is dense in the image of the map J → L1 ⊕ · · · ⊕Ln
induced by the fi . So the image of J must equal the cyclic module R(h1, . . . , hn), whence
the pi-type of J is zero. 
Our next theorem shows how to construct pi-balanced exact sequences.
Theorem 4. Let L1,L2,L3 be reduced torsion-free modules, K a submodule of L1 ⊕
L2 ⊕L3, and πi the projection into Li . Suppose that πi is one-to-one on K for i = 1,2,3,
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common socle for {i, j, k} = {1,2,3}. Then
(a) The canonical homomorphism
ϕ :L1 ⊕L2 ⊕L3 → M = (L1 ⊕L2 ⊕L3)/K
is pi-balanced.
(b) If L4, . . . ,Ln are arbitrary reduced torsion-free modules and K ′ is a submodule of
L1 ⊕ +· · · + ⊕Ln such that K ′ ∩ (L4 ⊕ +· · · + ⊕Ln) = 0 and the projection of K ′
into L1 ⊕L2 ⊕L3 is equal to K , then the canonical homomorphism
ϕ :L1 ⊕ · · · ⊕Ln→M ′ = (L1 ⊕ · · · ⊕Ln)/K ′
is pi-balanced.
Proof. To prove (a), let Yi = ϕ(Li). Since πi is one-to-one on K for all i, it follows that
K ∩ Li = 0 so ϕ is one-to-one on Li . The modules Mi ∼= M/Yi are torsion-free reduced,
and Yi ∼= Li , so M is torsion-free reduced. As the Mi have no common socle, no torsion-
free reduced module B of p-rank one and rank greater than one can have a nonzero image
in each M/Yi . Therefore, any map from B into M must go into one of the Yi , hence factors
through ϕ.
Part (b) follows from (a) and Corollary 2. 
Now we need a method for constructing modules satisfying the hypotheses of Theo-
rem 4. First some preliminaries.
For M a reduced torsion-free module, define
S(M) = {α ∈ Rˆ: αM ∩M = 0 in Mˆ}.
This is clearly an isomorphism invariant of M . It is an immediate consequence of the
following proposition that if M ⊂ N , then S(M) ⊂ S(N).
Proposition 5. Let M be a reduced torsion-free module. For α an element of Rˆ, let A(α)
denote the pure submodule of Rˆ generated by 1 and α. If α ∈ Rˆ \ R, and x, y ∈ M are
such that αx = y in Mˆ , then there is a map from A(α) to M taking 1 to x and α to y.
Consequently,
S(M) = {α ∈ Rˆ: Hom(A(α),M) = 0}.
That is, if τα is the pi-type of A(α), then
S(M) = {α ∈ Rˆ: M(τα) = 0}.
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extends to A(α) = (Q⊕Qα)∩ Rˆ. Indeed, if u,v ∈ Q, and u+ vα ∈ Rˆ, then
ux + vy = ux + vαx = (u+ vα)x ∈ Mˆ ∩ (Q⊗M) = M
where all the action takes place in Q ⊗ Mˆ . Conversely, if ϕ is a nonzero map from A(α)
to M , then ϕ(1) = 0 and αϕ(1) = ϕ(α) is a nonzero element of αM ∩M . 
We also define the field of the module M to be the subfield F(M) generated by S(M)
in Qˆ, the field of quotients of Rˆ. If M is a pure submodule of Rˆ containing 1, then F(M)
is simply the subfield of Qˆ generated by M .
Lemma 6. If J is purely indecomposable, and F(J ) = Q, then J is cyclic. Hence if
L1, . . . ,Ln are torsion-free reduced modules such that F(L1) ∩ · · · ∩ F(Ln) = Q, then
the Li have no common socle.
Proof. We may assume J ⊂ Rˆ. Suppose F(J ) = Q and x and y are nonzero elements
of J . Then y/x ∈ F(J ) = Q so x and y are dependent. Thus J has rank one, hence is
cyclic. The second claim follows from the fact that if J has a nonzero image in Li , then
F(J ) ⊂ F(Li). 
Sometimes we can calculate the field of a quotient module.
Lemma 7. Let C = X1 ⊕ · · · ⊕ Xn where Xi is a pure submodule of Rˆ containing 1. If
K is a pure, closed, p-rank-one submodule of C such that K ∩ Xi = 0 for all i, then
F(C/K) = F(C).
Proof. Let M = C/K . Note that the induced sequence 0 → Kˆ → Cˆ → Mˆ → 0 is pure
exact. Suppose α ∈ S(M). Then there exist x, y ∈ C with x /∈ K such that αx − y = ρk for
some k ∈ K and ρ ∈ Rˆ. This gives the equation αxi − yi = ρki in component Xˆi . Regard
these as equations inside Rˆ. Multiplying the ith and the j th equations respectively by kj
and ki and subtracting we get
α(xikj − xj ki)− (yikj − yj ki) = 0.
We claim that xikj − xj ki = 0 for at least one pair i, j . Otherwise, x and k will be depen-
dent over Rˆ, so pmx ∈ Kˆ ∩ C for some m. By the purity of Kˆ and C in Cˆ, this implies
that x ∈ Kˆ ∩ C which is equal to K because K is closed in C. Thus x ∈ K , a contra-
diction. Hence xikj − xj ki = 0 for some i and j , so α = (yikj − yj ki)/(xikj − xj ki) ∈
Q(Xi,Xj ) ⊂ F(Xi ⊕Xj) ⊂ F(C), as desired.
Conversely, suppose α ∈ S(C). Then αx = y for some x, y ∈ C with x = 0. If xi ∈ Xi is
a nonzero component of x, then xi /∈ K because K ∩Xi = 0. Since αxi = yi , we conclude
that α ∈ S(M). 
In Lemma 7 one could require that K be different from Xi instead of K ∩Xi = 0.
Recall that an element x of a module M is said to have height n, if x ∈ pnM \ pn+1M .
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types, satisfying
F(X1 ⊕X2)∩ F(X1 ⊕X3)∩ F(X2 ⊕X3) = Q.
For each j , let Lj be the direct sum of a finite number of copies of Xj . Choose 0 = hi ∈ Li
such that h1 and h2 have height 0 and let K = R(h1, h2, h3). Then K ⊂ L1 ⊕ L2 ⊕ L3
satisfies the hypotheses of Theorem 4.
Proof. Because h1 and h2 have height 0, the modules Mi = (Lj ⊕Lk)/R(hj ,hk) will be
torsion-free for {i, j, k} = {1,2,3}. The displayed field equation implies that Lj and Lk
have no common socle, so Mi is reduced by Lemma 3. From Lemma 7 we conclude that
the field of the module (Lj ⊕ Lk)/R(hj ,hk) is F(Lj ⊕ Lk) = F(Xj ⊕ Xk). If all these
modules contain a copy of a p-rank-one module J , then the field F(J ) ⊂ F(X1 ⊕ X2) ∩
F(X1 ⊕X3)∩F(X2 ⊕X3) = Q. This means that J must have rank 1, proving that the Mi
have no common socle. Thus the hypotheses of Theorem 4 hold. 
Now we can give a way to construct submodules K satisfying the hypothesis of Theo-
rem 4.
Example 9. Let S be a set of algebraically independent elements of Rˆ, and let {S1, S2, S3}
be a partition of S. Let Xi be the pure submodule of Rˆ generated by 1 and Si . Then the Xi
satisfy the hypothesis of Lemma 8.
Proof. It suffices to note that Q(S1, S2)∩Q(S1, S3)∩Q(S2, S3) = Q. 
The next theorem reduces the problem of classifying certain quotients L/K to the prob-
lem of classifying pairs K ⊂ L.
Theorem 10. For n  3, let τ1, . . . , τn be pairwise incomparable pi-types and let
m1, . . . ,mn be positive integers. Let L = L1 ⊕ · · · ⊕ Ln where Li is a direct sum of mi
purely indecomposable modules of type τi , and let K be a pi-balanced submodule of L
with K ∩ Li = 0 for all i. Set M = L/K and let ϕ be the natural map from L onto M .
Denote the set {τ1, . . . , τn} by Tc(M). Then
(a) Tc(M) consists of the maximal elements of the set of pi-types {τ > 0: M(τ) = 0},
hence is an isomorphism invariant of M .
(b) ϕ maps Li isomorphically onto M(τi) for each i, so the Li are isomorphism invariants
of M . Moreover, ϕ maps the projection πiK of K into Li isomorphically onto M(τi)∩
(
∑
j =i M(τj )), so the pairs (Li,πiK) are isomorphism invariants.
(c) If K ′ is another pi-balanced submodule of L such that K ′ ∩ Li = 0 for all i, and
M ′ = L/K ′, then each homomorphism λ :M → M ′ lifts to a unique endomorphism of
L that takes K into K ′. If λ is an isomorphism, then the lifting is an automorphism
of L.
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is a subring of End(K). So if K is (strongly) indecomposable, then M is (strongly)
indecomposable.
A complete set of isomorphism invariants for M consists of the set of pi-types Tc(M), the
function from Tc(M) to the positive integers giving the p-rank of Li , and the pair K ⊂ L
where K is a pi-balanced submodule of L.
Proof. Note that, as the τi form an antichain, each τi must be nonzero (rank at least 2).
To show (a), let S = {τ > 0: M(τ) = 0}. Clearly Tc(M) ⊂ S. Suppose τ ∈ S and τ = [J ].
Then there is a nonzero map from J to M . As K is pi-balanced, this map can be lifted
to L, so there is a nonzero map of J into some Li , hence τ  τi . As the τi are pairwise
incomparable, this establishes (a).
To show (b), first note that ϕ is one-to-one on Li because K ∩Li = 0. Clearly ϕ(Li) ⊂
M(τi). For the opposite inclusion, suppose τi = [Ji]. Because K is pi-balanced, any
nonzero map from Ji into M lifts to L, and because the τi are pairwise incomparable, this
lifting must go into Li . For the last claim, note that if (k1, . . . , kn) ∈ K , then ∑ϕ(ki) = 0
so ϕ(ki) ∈ M(τi)∩ (∑j =i M(τj )). Conversely, if ϕ(ki) ∈ M(τi)∩ (∑j =i M(τj )) for some
ki ∈ Li , then there exist kj ∈ Lj for j = i such that∑ϕ(ki) = 0, so (k1, . . . , kn) ∈ K .
The lifting in (c) is possible because K ′ is pi-balanced and L is pi-decomposable. Note
that K ′(τi) ⊂ K ′ ∩Li = 0 because the τi are pairwise incomparable, so the lifting is unique.
It follows easily that isomorphisms lift to automorphisms.
For (d), we know that End(M) is the same as the endomorphism ring of the pair (L,K),
so restriction to K gives a ring map from End(M) to End(K). We wish to show that the
kernel of this map is 0. As the τi are pairwise incomparable, each endomorphism of L is
a product of endomorphisms of the Li . So an endomorphism θ of L that kills K must kill
the projection of K into Li . Since K has a non-zero projection in each Li and Li is purely
indecomposable, θ |Li = 0. Hence θ = 0. 
When can we get a good handle on the pairs K ⊂ L of Theorem 10? To illustrate, we
construct a class C of modules with a satisfactory complete set of invariants of this kind.
To construct a module in C, we first choose purely indecomposable modules X1, . . . ,Xn
with pairwise incomparable pi-types τi whose meet is 0, and with the property that for
some i, j , and k,
F(Xi ⊕Xj)∩ F(Xi ⊕Xk)∩ F(Xj ⊕Xk) = Q.
Call such a triple i, j, k, admissible. Next we choose nonzero cyclic submodules Ci of Xi
such that at least two of the Ci with indices in some admissible triple are pure. We construct
a module M by choosing generators ci of Ci and setting
M = X1 ⊕ · · · ⊕Xn .
R(c1, . . . , cn)
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if u1, . . . , un are units of R, then multiplication by (u1, . . . , un) is an automorphism of
X1 ⊕ · · · ⊕Xn that takes R(c1, . . . , cn) to R(u1c1, . . . , uncn).
The submodule R(c1, . . . , cn) is pure because at least two of the ci have height zero
(one would do). It is closed because the meet of the τi is 0 (Lemma 3). It is pi-balanced
because there is an admissible triple (Theorem 4 and Lemma 8).
The invariants of M are isomorphism classes of the n pairs (Xi,Ci). Note that for fixed
Xi with endomorphism ring R, the isomorphism classes of (Xi,Ci) are in one-to-one
correspondence with the cyclic submodules Ci of Xi . Distinct invariants give nonisomor-
phic modules M because we can read the invariants from M (see Theorem 10): the types
τ1, . . . , τn are the maximal elements of the set {τ : M(τ) = 0}, and the pairs (Xi,Ci) are
isomorphic to the pairs
(
M(τi),M(τi)∩
∑
j =i
M(τj )
)
.
The endomorphism ring of M is equal to R.
3. Images of homogeneous pi-decomposable modules
A well-known theorem of Baer says that if K is a pure subgroup of a direct sum Xn of
n copies of a rank-one torsion-free abelian group X, then K and Xn/K are a direct sum of
copies of X, and, furthermore, K is a direct summand of Xn. Does the analogue of Baer’s
theorem hold if we replace X by a purely indecomposable R-module J ? The following
theorem answers this in the affirmative if K is a pi-balanced submodule and J has finite
rank, or, more generally, if the endomorphism ring of J is a principal ideal domain [4,
Lemma 2(b)]. First a lemma about p-ranks.
Lemma 11. Let J be a purely indecomposable R-module with endomorphism ring E. If
A is any R-module, then the p-ranks of Hom(J,A) and Hom(J,A) ⊗E J are no greater
than the p-rank of A.
Proof. We obtain from the exact sequence of E-modules
Hom(J,A)
p→ Hom(J,A) → Hom(J,A/pA)
that Hom(J,A)/pHom(J,A) is isomorphic to an E-submodule S of Hom(J,A/pA)
which is a vector space of dimension equal to the p-rank of A, so the first claim is es-
tablished. From the exact sequence
Hom(J,A)⊗E J p→ Hom(J,A)⊗E J → S ⊗E J → 0
we see that the p-rank of Hom(J,A) ⊗E J is equal to the dimension of the vector space
S⊗E J , which is equal to the dimension of S, which is no greater than the p-rank of A. 
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0 → K → Jn → M → 0
is a J -balanced sequence of torsion-free modules, and E is a principal ideal domain, then
K is a summand of Jn and both K and M are isomorphic to finite direct sums of copies
of J .
Proof. Apply the functor Hom(J, ·) to the J -balanced sequence 0 → K → Jn → M → 0
to get an exact sequence of E-modules
0 → Hom(J,K) → En → Hom(J,M) → 0
and a commutative diagram
Hom(J,K)⊗E J Jn Hom(J,M)⊗E J 0
0 K Jn M 0
(∗)
where the third map down is onto because Jn maps onto M . From Lemma 11 we know
that the p-rank of Hom(J,M) ⊗E J is no greater than the p-rank of M , so the kernel of
the third map down is divisible because M has finite p-rank.
Now we bring in the hypothesis that E is a principal ideal domain, so Hom(J,M) is a
finite-rank free E-module because it is a torsion-free image of En. Thus Hom(J,M)⊗E J
is a direct sum of copies of J , hence reduced, so the third map down in (∗) is an isomor-
phism. Moreover, the sequence
0 → Hom(J,K) → En → Hom(J,M) → 0
splits so Hom(J,K) is also a free E-module and the sequence
0 → Hom(J,K)⊗E J → Jn → Hom(J,M)⊗E J → 0
is exact. An easy diagram chase shows that the first map down in (∗) is also an isomor-
phism. 
From [4, Lemma 2(b)] we know that if J has finite rank, E is a principal ideal domain.
For {x1, . . . , xk}, a subset of Rˆ, let A(x1, . . . , xk) denote the pure submodule of Rˆ gen-
erated by {x1, . . . , xk} ∪ {1}.
Remark 13.
(a) Theorem 12 is not true without the hypothesis that 0 → K → Jn η→ M → 0 is
J -balanced. For instance, if a ∈ Rˆ \R is a unit, then A(a)  A(a−1) and the pure exact
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This example also demonstrates that the set of pi-types is not naturally a lattice.
(b) Theorem 12 applies when J has finite rank since End(J ) is a discrete valuation
domain, but this is not the case when J has infinite rank. For example, if α is a tran-
scendental element of Rˆ and J = A(α,α2, α3, . . .), then J is a pure submodule of
infinite rank but End(J )  J is not a principal ideal domain.
What can we say about the module M if the sequence 0 → K → Jn η→ M → 0 is
just pure exact? Even though, as indicated in the example of Remark 13(a), M need not
be a direct sum of copies of J , must a reduced image M be a direct sum of p-rank-one
modules, at least when the kernel K is cyclic? The following example shows that a natural
first attempt at a counterexample fails.
Example 14. If α ∈ Rˆ is transcendental over Q and J = A(α,α2, . . . , αn−1) with n  3,
then M = Jn/R(1, α,α2, . . . , αn−1) is isomorphic to the direct sum A(α,α2, . . . , αn)n−1.
Proof. Note that
A(α,α2, . . . , αn) = A(α,α2, . . . , αk)+ αkA(α,α2, . . . , αn−k)
for n  k. To prove this, we need only to show that L + M is pure in A(α,α2, . . . , αn)
where L = A(α,α2, . . . , αk) and M = αkA(α,α2, . . . , αn−k). If S is the purification of
Rαk , then S and S ∩M are dense respectively in L and M , since L and M have p-rank 1.
The purity of L + M then follows. If α = pβ , then A(α, . . . , αn) = A(β, . . . , βn) so we
may assume that α has p-height zero.
Write Jn = H1 ⊕ · · · ⊕ Hn with each Hi ∼= J and let Di = {(hi, hi+1) ∈ Hi ⊕
Hi+1: hi+1 = αhi} be the image of the (one-to-one) map (1, α) taking A(α, . . . , αn−2)
into Hi ⊕Hi+1. From
A(α,α2, . . . , αn) = A(α,α2, . . . , αn−1)+ αA(α,α2, . . . , αn−1),
we see that Di is the kernel of the map (α,−1) from Hi ⊕Hi+1 onto A(α, . . . , αn), whence
Hi ⊕Hi+1
Di
∼= A(α,α2, . . . , αn).
Let
Li = H1 ⊕ · · · ⊕Hi−1 ⊕Di ⊕Hi+2 ⊕ · · · ⊕Hn
= {(h1, . . . , hn) ∈ H1 ⊕ · · · ⊕Hn: hi+1 = αhi}
for i = 1, . . . , n− 1. Clearly
H1 ⊕ · · · ⊕Hn ∼= Hi ⊕Hi+1 ∼= A(α,α2, . . . , αn)Li Di
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⋂
i Li = R(1, α,α2, . . . , αn−1). We will show that, for i = 1, . . . , n− 1,
Li +
⋂
j =i
Lj = H1 ⊕ · · · ⊕Hn.
Now
L′i =
⋂
j =i
Lj =
{
(h1, . . . , hn) ∈ H1 ⊕ · · · ⊕Hn: hj+1 = αhj for j = i
}
and the left-hand side of the desired equation contains Di and Hj for each j different from
i or i + 1.
If i > 1, then Li contains Hi−1, so Li + L′i contains αi−1A(α,α2, . . . , αn−i ) ⊂ Hi .
If i = 1, then L′i ⊃ Hi and the same inclusion holds. As Li contains Di , it follows that
Li +L′i contains αiA(α,α2, . . . , αn−i−1) ⊂ Hi+1.
If i < n − 1, then Li contains Hi+2 so Li + L′i contains A(α,α2, . . . , αi) ⊂ Hi+1.
If i = n − 1, then L′i ⊃ Hi+1 and the same inclusion holds. But A(α,α2, . . . , αn−1) =
A(α,α2, . . . , αi) + αiA(α,α2, . . . , αn−i−1) because these two pure subgroups have αi in
common. So Li +L′i contains Hi+1 and Di , whence it contains A(α,α2, . . . , αn−2) ⊂ Hi
which has the element αi−1 in common with αi−1A(α,α2, . . . , αn−i ). So Li +L′i contains
Hi also. 
4. The class H
Let Q(a1, . . . , an) be the subfield of Qˆ generated by the elements a1, . . . , an. Purely
indecomposable modules of rank 2 are characterized up to isomorphism in the following
lemma.
Lemma 15 [9]. Let A(a) and A(b) be purely indecomposable modules of rank 2. The
following conditions are equivalent:
(a) Hom(A(a),A(b)) = 0;
(b) a = (r + sb)/(t + ub) for some r, s, t, u ∈ Q with ru− st = 0;
(c) A(a)  A(b).
In this case, Q(a) = Q(b).
Let H be the class of torsion-free reduced images of finite-rank, pi-decomposable mod-
ules.
The next few results concern the socle and radical of a module in H. We first record a
property of the socle of an arbitrary torsion-free R-module.
Proposition 16. Let τ be a pi-type and M a torsion-free R-module. Then M(τ) is a pure
submodule of M .
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A is an image of the direct sum of finitely many copies of J . If B = 〈A,x〉, then B is
quasi-isomorphic to A, hence is an image of a direct sum of finitely many copies of J [4,
Proposition 2(e)]. 
The following example, which generalizes [4, Example 1], shows that purely inde-
composable modules of finite rank are not characterized by their socles, unlike rank-1
torsion-free abelian groups.
Example 17. For a, b ∈ Rˆ \ R let τ = [A(a)] and σ = [A(b)] be pi-types. Then there is a
purely indecomposable module M of rank at most 4 such that:
(a) M(τ) = M = M(σ).
(b) If a and b are algebraically independent, or algebraically dependent of total degree at
least 4, then M is the image of the direct sum of a finite number of copies of A(a) if
and only if A(a)  A(b).
Proof. For (a), let M = A(a,b, ab). A direct calculation shows that M = A(a)+ bA(a)+
A(b). If x ∈ A(b), then x ∈ xA(a) ⊆ M so M(τ) = M. A similar argument shows that
M(σ) = M.
For (b), if A(a)  A(b), then M = A(a) + bA(a) + A(b) is the image of the direct
sum of three copies of A(a). Conversely, suppose M is the image of a finite direct sum
of copies of A(a) and let T = M/(A(a) ⊕ bA(a)), a divisible module. If T = 0, then
A(b) ⊆ A(a)⊕ bA(a) so A(a)  A(b). To show that T = 0, it is sufficient to show that T
is bounded.
Each copy of A(a) in M is of the form xA(a) for some x ∈ A(b). To see this, observe
that each copy of A(a) in M is of the form xA(a) for some x ∈ R∗. Then x = q1 + q2a +
q3b + q4ab ∈ M and
xa = q1a + q2a2 + q3ab + q4a2b = q5 + q6a + q7b + q8ab ∈ M
for some qi ∈ Q. From the hypotheses on a and b, it follows that q2 = q4 = 0, whence
x = q1 + q3b ∈ A(b).
Since A(b) has rank 2, pkx ∈ R ⊕ Rb for some k so pkxA(a) ⊆ A(a) ⊕ bA(a). That
is, the image in T of xA(a) is bounded for any x with xA(a) ⊆ M . As T is generated by
finitely many of these images, T is bounded. 
Our next goal is to construct modules M of the form
M = A(a1)⊕ · · · ⊕A(an)
R(1, . . . ,1)
that have endomorphism ring R, so are indecomposable. Example 3 of [4] is such a module
with n = 3.
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M = A(a1)⊕ · · · ⊕A(an)
R(1, . . . ,1)
where A(ai) = A(aj ), so A(ai)∩A(aj ) = R, for i = j . Let τn be the pi-type of A(an) and
Yn the image of A(an) in M . If for all i < j < n, either
(a) Hom(A(an),A(ai, aj )) = 0, or
(b) ai, aj /∈ Q(an),
then Yn is equal to M(τn).
Proof. Let C = A(a1) ⊕ · · · ⊕ A(an) and h = (1, . . . ,1) ∈ C. Suppose θ is a map from
A(an) into M = C/Rh. Let x and y in C represent θ(1) and θ(an). In Mˆ = Cˆ/Rˆh we have
the equation anθ(1) − θ(an) = 0. So anx − y ∈ Rˆh, that is anx − y = (r, . . . , r) for some
r ∈ Rˆ.
Let x = (x1, . . . , xn). Then we have an equation anxi − yi = r for each i. We want
to show that xi = xj for all i, j < n. If that is the case, then yi = yj also and, because
A(ai) ∩ A(aj ) = R, all these elements are in R. So x and y are both in A(an) + Rh,
whence θ(1) and θ(an) are in Yn. But Yn is pure, so the image of θ is contained in Yn.
So suppose that xi = xj for some i, j < n. Then xi = xj and
an(xi − xj ) = yi − yj
so an ∈ S(A(ai, aj )), whence Hom(A(an),A(ai, aj )) = 0, which contradicts condition (a).
It remains to contradict condition (b). Note that r = anxn − yn ∈ Q(an) so anxi − yi =
anxj − yj = r ∈ Q(an). Write xi = ui + viai and yi = si + tiai with ui, vi, si , ti ∈ Q.
Then
anui − si + (anvi − ti )ai ∈ Q(an).
We will show that anvi − ti = 0 so ai ∈ Q(an), or that anvj − tj = 0 so aj ∈ Q(an), which
contradicts condition (b). So we suppose anvi − ti = anvj − tj = 0 and derive an absolute
contradiction. Because an /∈ Q, we have vi = ti = 0, so xi and yi are in R. Similarly xj
and yj are in R. But that cannot be because an(xi − xj ) = yi − yj and an /∈ Q. 
Theorem 19. Let
M = A(a1)⊕ · · · ⊕A(an)
R(1, . . . ,1)
where A(ai) = A(aj ) for i = j . If either
(a) Hom(A(ak),A(ai, aj )) = 0 for any three distinct indices i, j, k, or
(b) Q(ai) and Q(ai) are incomparable for any distinct indices i, j ,
then the endomorphism ring of M is equal to R.
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type of A(ai). To show that the endomorphism ring of M is equal to R, note that any
endomorphism of M takes M(τi) to itself, so can be lifted to an endomorphism θ of
A(a1) ⊕ · · · ⊕ A(an). But θ must take R(1,1, . . . ,1) into itself, so θ must be multipli-
cation by an element of R. 
We can achieve condition (a) of Theorem 19 by choosing a transcendental element a
of Rˆ and setting ai = a2i−1 , in which case Q(a1) ⊃ Q(a2) ⊃ · · · ⊃ Q(an). We can achieve
condition (b) by taking Q(ai)∩Q(aj ) = Q for all distinct pairs i, j .
Example 20. Let I be a set of n 3 positive integers and let c be a transcendental element
of Rˆ. Then
⊕
i∈I A(ci)
R(1, . . . ,1)
is A(ci)-balanced for each i ∈ I .
Proof. Given ϕ :A(ci) → M , let x ∈⊕i∈I A(ci) be a representative of ϕ(1) and y a rep-
resentative of ϕ(ci). Then cix − y = ρ(1, . . . ,1) for some ρ ∈ Rˆ, so
ρ = cixj − yj ∈ ciA(cj )+A(cj ) = A(ci, cj , ci+j )
for all j . In particular, choosing j = i we see that ρ ∈ A(ci, c2i ), and choosing j = j0 ∈
I \ {i,2i} we see that ρ ∈ A(ci, cj0, ci+j0). So ρ ∈ A(ci, c2i ) ∩ A(ci, cj0, ci+j0) = A(ci).
As cixj − yj ∈ A(ci) it follows that xj ∈ R for all j ∈ I (otherwise ci+j would be a
Q-linear combination of 1, ci , and cj ) and yj ∈ R for all j ∈ I \ {i} (otherwise cj would
be a Q-linear combination of 1, ci , and ci+j ). If j, k ∈ I \ {i}, then xj = xk and yj = yk
because cixj − yj = cixk − yk . So we can pick a representative x′ of ϕ(1) in Q ∩ A(ci)
and set y = cix′. The map of A(ci) into⊕i∈I A(ci) that takes 1 to x′ and ci to y′ provides
a lifting of ϕ. 
For I = {1,2,3} the example above is not covered by Lemma 18. On the other hand,
the following example shows that not everything works.
Example 21. Let c be a transcendental element of Rˆ. Then the quotient
M = A(c)⊕A(c
2)⊕A(c + c2)
R(1,1,1)
.
is not A(c)-balanced.
Proof. In A(c)⊕A(c2)⊕A(c + c2), let x = (c,1,0) and y = −(c, c2, c + c2). Then
cx − y = (c2 + c)(1,1,1)
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there is a map from A(c) to M taking 1 to x′ and c to y′. But this map cannot be factored
through A(c)⊕A(c2)⊕A(c+c2) because any map from A(c) to A(c)⊕A(c2)⊕A(c+c2)
must go into A(c), and the second and third coordinates of x are different, so no represen-
tative of x′ can have second and third coordinates equal to zero. 
The elements (c,1,0), (c, c2, c + c2), (1,0,0), (c,0,0), and (1,1,1) are independent
because row operations give (1,0,0), (0,1,0), (0,0,1), (c,0,0), and (0, c2, c + c2). So
the rank of M(τ) is at least four.
A torsion-free R-module M is in H if and only if M is the image of a finite direct
sum of purely indecomposable modules of rank at most 2 [4, Theorem 2]. Modules M
in H were also characterized in [4, Theorem 2] by the homological property that each
pi-balanced exact sequence 0 → T → N → M → 0 splits if T is torsion. The category
H is closed under finite direct sums, direct summands, torsion-free images, and quasi-
isomorphism. Moreover, a purely indecomposable module of rank 2 is projective in the
quasi-isomorphism category [4, Lemma 4(b)].
The next proposition gives relationships between the τ -socle and τ -radical of a module
in H when τ has rank 2. As in [4], the τ -radical M[τ ] of module M is the intersection of
the kernels of all the maps from M to J , where J is a purely indecomposable module of
pi-type τ . Because of this proposition, in contrast to finite-rank Butler groups (see [3]), we
cannot expect to characterize the modules in H in terms of radicals.
Proposition 22. Let M be a module in H with no free summands and τ = [X] a pi-type of
rank 2.
(a) M  Xn ⊕M[τ ] for some n 0.
(b) If M has no summands isomorphic to X, then M = M[τ ].
Proof. To prove part (a), observe that
N = M(τ)/(M(τ)∩M[τ ]) (M(τ)+M[τ ])/M[τ ] ⊆ M/M[τ ]
and so N [τ ] = 0. Because N(τ) = N , N  Xn for some n [4, Proposition 2(c)]. Then
M(τ)  Xn ⊕ (M(τ)∩M[τ ]), by [4, Proposition 2(d)].
The module M/(M(τ)+M[τ ]) is bounded, see [4, Proposition 3(c)], whence M/M[τ ]
is isomorphic to Xn [4, Proposition 2(e)]. Since X is projective in the quasi-isomorphism
category of H, [4, Lemma 4(b)], Xn is isomorphic to a quasi-summand of M . But Xn
is also isomorphic to a summand of M(τ), a pure submodule of M by Proposition 16. It
follows that M  Xn ⊕M[τ ].
Part (b) follows from part (a). 
The next theorem provides an internal characterization of the modules in H.
Theorem 23. Let M be a reduced torsion-free R-module of p-rank n, with a basic sub-
module B and no free summands. Then the following are equivalent:
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(b) For each x ∈ M with Rx ∩ B = 0 the pure submodule of M generated by {B,x} is
the direct sum of a free module of rank n− 1 and a purely indecomposable module of
rank 2.
(c) There is a direct sum X1 ⊕ · · · ⊕Xm of purely indecomposable modules Xi of rank at
most 2 and a free submodule F with (X1 ⊕ · · · ⊕Xm)/F  M .
Proof. Assume (a), so that M is inH and let N denote the pure submodule of M generated
by {B,x} with x ∈ M and Rx ∩B = 0. Then N has p-rank n and rank n+ 1. Let A be an
indecomposable summand of N of maximal rank, in particular A has p-rank m and rank
m+ 1 for some m.
If m  2, then Hom(X,N) = 0 for each purely indecomposable module X of rank 2
because every submodule of A of rank at most m is free [2, Proposition 4.1]. On the other
hand, M = X1 + · · · + Xm for some minimal set {Xi} of pure, purely indecomposable
submodules of M with rank at most 2. If Xi has rank 2, then Xi ∩ B is a rank-1 basic
submodule of Xi and Xi is the pure submodule of M generated by {Xi ∩ B,yi} for some
yi ∈ M. Thus, {yi + B: rankXi = 2} is a Q-basis for M/B . Now x = x1 + · · · + xm for
some xi ∈ Xi and Rx ∩B = 0, so that some yi +B may be replaced by x +B in a Q-basis
for M/B. It follows that there is a purely indecomposable submodule Y of N of rank 2 with
x ∈ Y. This is a contradiction to Hom(X,N) = 0 for each purely indecomposable module
X of rank 2. Consequently, m = 1, A is purely indecomposable of rank 2, and N = A⊕F
for some free module F of rank n− 1. This proves (b).
Assume (b) and let {x1 + B, . . . , xk + B} be a Q-basis for M/B and let Ni = Xi ⊕ Fi
be the pure submodule of M generated by {B,xi}, where Xi is a purely indecomposable
module of rank 2 and Fi is a free module. Then M = (X1 ⊕ F1) + · · · + (Xk ⊕ Fk).
Since M has no free summands, M is quasi-isomorphic to (X1 ⊕ · · · ⊕ Xk)/K for some
module K with p-rank k − n = 2k − (n+ k), which is the rank of K . Consequently, K is
a free module. It follows that there is a finitely generated free R-module F ′ and a free
module F containing K with M  (X1 ⊕ · · · ⊕Xk ⊕ F ′)/F , proving (c).
It is obvious that (c) implies (a). 
Let Hb be the class of modules M such that there is a pi-balanced sequence
0 → K → L1 ⊕ · · · ⊕Ln → M → 0
where each Li is a finite direct sum of copies of a finite-rank purely indecomposable
R-modules Xi . In this case, define Tc(M) = {τ1, . . . , τn}, where τi = [Xi].
We will construct a large family of modules in Hb using representations of finite par-
tially ordered sets. Let S be a finite set of pi-types and define S∞ to be S ∪ {∞}, the
finite poset obtained by adjoining a maximum element ∞ to the poset S. Define a cat-
egory rep(S∞,R) with objects U = (Uτ : τ ∈ S∞) such that U∞ is a finite-rank free
R-module, each Uτ is a pure (free) submodule of U∞, and Uσ ⊆ Uτ if σ  τ in S. A mor-
phism f :U → V is an R-homomorphism f :U∞ → V∞ with f (Uτ ) ⊆ Vτ for each τ ∈ S
(see [3]).
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finite set S is said to be S-decomposable.
Theorem 24. Let S be a finite set of pi-types. There is an additive functor F from
rep(S∞,R) to the category H with image those reduced modules M admitting an exact
sequence 0 → K → C → M → 0 for some finite-rank S-decomposable module C.
Proof. For each pi-type τ ∈ S∞, choose a pure submodule Xτ of Rˆ, containing 1, of
pi-type τ . Given an object U = (Uτ : τ ∈ S∞) of rep(S∞,R), define F(U) = M =∑
τ∈S Xτ ⊗R Uτ , viewed as an R-submodule of the finite-rank free Rˆ-module Uˆ∞.
It is readily verified that F is an additive functor, each Xτ ⊗R Uτ is isomorphic to
rank Uτ copies of Xτ , and there is an exact sequence 0 → K → C → M → 0, where
C =⊕τ∈S Xτ ⊗R Uτ is an S-decomposable module. 
Given an n × n matrix A over R, denote the set {(x,Ax): x ∈ Rn} by (1 + A)Rn.
The matrix A(modp) is the n × n matrix with entries in the field k = R/pR obtained by
replacing each entry aij of A by aij (modp). Define A(modp) to be an indecomposable
matrix if k[A(modp)] = k[x]/〈mA(modp)(x)〉 is an indecomposable k[x]-module, where
mA(modp)(x) ∈ k[x] is the minimal polynomial of A(modp). If A(modp) is indecompos-
able, then mA(modp)(x) = g(x)e for some irreducible g(x) ∈ k[x] and positive integer e.
Example 25. Let a1, a2, . . . , an be algebraically independent elements of Rˆ, let τi be the
pi-type of Xi = A(ai), and let Sn = {τ1, τ2, . . . , τn}. Then
(i) There are indecomposable modules M in Hb of arbitrarily large finite rank with
Tc(M) = S4.
(ii) For each finite-dimensional R/pR-algebra Γ there is an indecomposable module M
in Hb with Tc(M) = S5 and End(M)/(pEnd(M))  Γ .
Proof. An outline of a proof of (i) is based on the following series of claims:
(a) Sn is an antichain and the purely indecomposable modules A(aj : j = i) have no
common socle for i = 1,2, . . . , n.
This is a consequence of Lemma 15 and the fact that a1, a2, . . . , an are algebraically
independent.
(b) Given an n × n matrix A over R with A(modp) an indecomposable matrix, define
a representation of S∞4
UA = (U∞,Uτ1 ,Uτ2,Uτ3 ,Uτ4)
by
U∞ = Rn ⊕Rn, Uτ1 = Rn ⊕ 0, Uτ2 = 0 ⊕Rn,
Uτ3 = (1 + 1)Rn, Uτ4 = (1 +A)Rn.
Then UA is an indecomposable object of rep(S∞,R).4
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UA(modp) =
(
kn ⊕ kn, Uτ1 = kn ⊕ 0,Uτ2 = 0 ⊕ kn, Uτ3 = (1 + 1)kn,
Uτ4 =
(
1 +A(modp))kn)
in rep(S∞4 , k), where k = R/pR is a field. There is a natural ring homomorphism
End(UA)/pEnd(UA) → End
(
UA(modp)
)
.
But End(UA(modp)) ∼= k[A(modp)] (see Example 1.1.6 of [3]). Since A(modp) is
indecomposable, k[A(modp)] ∼= End(UA(modp)) has no nontrivial idempotents. Then
End(UA) has no nontrivial idempotents, because pEnd(UA) is contained in the Jacobson
radical of End(UA), and so UA is indecomposable.
(c) There is an exact sequence
ε : 0 → Rn ⊕Rn → Xn1 ⊕Xn2 ⊕Xn3 ⊕Xn4 → M → 0,
where
M =F(UA) = Xn1 ⊕Xn2 + (1 + 1)Xn3 + (1 +A)Xn4 ⊆ (Rˆ)n ⊕ (Rˆ)n
is an indecomposable module with p-rank 2n and rank 4n.
In view of the definition of the functor F , there is an exact sequence
ε : 0 → (1 + 1 − 1 + 0)Rn ⊕ (1 +A+ 0 − 1)Rn → Xn1 ⊕Xn2 ⊕Xn3 ⊕Xn4 → M → 0
with
M =F(UA) = Xn1 ⊕Xn2 + (1 + 1)Xn3 + (1 +A)Xn4 ⊆ (Rˆ)n ⊕ (Rˆ)n.
Then Xn1 ⊕0,0⊕Xn2 , (1+1)Xn3 , and (1+A)Xn4 are fully invariant submodules of M as an
application of Lemma 15, because a1, a2, a3, a4 are algebraically independent elements of
Rˆ and Xi = A(ai). Since Xni /pXni ∼= kn for each i, there is a natural ring homomorphism
End(M)/pEnd(M) → End(UA(modp)).
As A(modp) is indecomposable, k[A(modp)] ∼= End(UA(modp)) has no nontrivial
idempotents. Then End(M) has no nontrivial idempotents, because pEnd(M) is contained
in the Jacobson radical of End(M), and so M is indecomposable.
(d) M/Xni ∼= A(aj : j = i)n, Hom(Xi,M/Xni ) = 0, and M(τi) is the image of Xni for
each i.
There is an exact sequence
0 → (1 − 1 + 0)Rn ⊕ (A+ 0 + 1)Rn → Xn ⊕Xn ⊕Xn → M/Xn → 02 3 4 1
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Hom(X1,A(a2, a3, a4)) = 0. Consequently, Hom(X1,M/Xn1 ) = 0 from which it follows
that M(τ1) = Xn1 . A similar argument may be used for each i.
(e) The sequence ε is pi-balanced so M is in Hb and Tc(M) = S4.
Let J be a purely indecomposable submodule of M. If Hom(J,M(τi)) = 0 for some i,
then, in view of the no common socle condition, J ⊆ M(τi) factors through Xni by (d).
Otherwise, using (d), Hom(J,A(aj : j = i)) = 0 for each i. Because of the no common
socle condition, J ∼= R and so J ⊆ M(τi) factors through Xn1 ⊕Xn2 ⊕Xn3 ⊕Xn4 .
(f) If M = MA and M ′ = MA′ are constructed as above with n × n matrices A and A′
over R, then M and M ′ are isomorphic if and only if A(modp) and A′(modp) are similar
k-matrices.
To prove (f), observe that a homomorphism M → M ′ is an isomorphism if and only if
the induced representation morphism UA(modp) → UA′(modp) is an isomorphism. But
UA(modp) → UA′(modp) is an isomorphism if and if UA(modp) → UA′(modp) is an
isomorphism.
The proof of (ii) is analogous to that of (i) with the exception that given two n × n
matrices A and B over R,
M =F(UA,B) = Xn1 ⊕Xn2 + (1 + 1)Xn3 + (1 +A)Xn4 + (1 +B)Xn5 ⊆ (Rˆ)n ⊕ (Rˆ)n
with
UA,B = (U∞,Uτ1 ,Uτ3,Uτ4 ,Uτ5)
where
U∞ = Rn ⊕Rn, Uτ1 = Rn ⊕ 0, Uτ2 = 0 ⊕Rn, Uτ3 = (1 + 1)Rn,
Uτ4 = (1 +A)Rn, Uτ5 = (1 +B)Rn
and Xi = A(ai). As in [3, Section 1.4], End(M) is isomorphic to the commutator C(A,B)
of the pair (A,B) of matrices over R, and given Γ , there are matrices A and B with
C(A(modp),B(modp))  Γ . 
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